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Abstract
This paper establishes bounds on the dimension of a manifold with involution having fixed set the
union of the projective space RP j and an n-dimensional submanifold.
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1. Introduction
The purpose of this paper will be to discuss involutions (Mm,T) on a closed m-di-
mensional manifold for which the fixed set of T is the union of the j -dimensional real
projective space, RP j , and a closed n-dimensional manifold Fn. The goal will be to deter-
mine an upper bound for m, in one particular case.
If νm−j is the normal bundle of RP j in Mm, the Stiefel–Whitney class of νm−j ,
w
(
νm−j
) ∈ H∗(RP j ;Z2)= Z2[α]/(αj+1 = 0),
where α ∈ H1(RP j ;Z2) is the nonzero class. There is an integer q for which the class
has the form w(νm−j ) = (1 + α)q . For 2s  j < 2s+1, (1 + α)2s+1 = 1, so the integer q is
determined modulo 2s+1. (One should note that a congruence in this paper is a congruence
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Here, we will determine the bound for m in the case n ≡ q ≡ j .
Proposition 1. If n ≡ q ≡ j and 1
(1+α)q = 1 + · · · + αj , then
m n + 1,
and this bound is best possible.
Proposition 2. If n ≡ q ≡ j and q ≡ j − 1 (modulo 4), then for n j − p
m j − p + 1
2
+ n + 1
 j
2
+ n + 1,
and for n < j − p
m 3
2
(j − p) + 1
2
 3
2
j,
where 1
(1+α)q = 1 + · · · + αp , for p  j .
Proposition 3. If n ≡ q ≡ j and q ≡ j + 1 (modulo 4), then for n + 1 s
m n + 1 + s
 n + 1 + j,
and for n + 1 < s
m 2s
 2j,
where s is the smallest integer such that the coefficient of αj in (α(1+α))s
(1+α)q is nonzero.
The results are part of the material in the author’s dissertation at the University of Vir-
ginia.
2. Preliminaries
We will make the following two assumptions. First, we will assume j is even and q
is odd. If j is odd and q is even, then (RP j , νm−j ) bounds, and taking (Fn, νm−n) to
bound gives bounding involutions of every dimension [4]. Thus, there is no bound for m.
(Assuming n = j and that either j is even or j and q are both odd, the fixed data of the
involution (Mm,T) does not bound, because (RP j , νm−j ) does not bound. By Boardman’s
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2 -theorem [1,2], one has m  52 max(j, n).) Secondly, we will assume that j = 0, since
j = 0 is the case with the fixed set being {point} ∪Fn, which was solved in [6].
As shown by Conner and Floyd [4, 28.1], RP(νm−j ) ∪ RP(νm−n) bounds as an
element of the bordism group Nm−1(RP∞), where the map into RP∞ classifies the
double cover of each RP(ν) by its sphere bundle S(ν). Also, we know that if we
have bundles over RP j and Fn for which the projective spaces bound in this sense,
then there is an involution with this fixed data. Let c ∈ H1(RP(ν);Z2) be the first
Stiefel–Whitney class for the double cover. Then all of the Stiefel–Whitney numbers
wi1(RP(ν)) · · ·wir (RP(ν))cm−1−|i|[RP(ν)] (where |i| = i1 + · · · + ir ) are the same for
RP(νm−j ) and RP(νm−n).
For a bundle νm−n over Fn, the Stiefel–Whitney classes of RP(νm−n) may be described
as follows. Let
w
(
νm−n
)= 1 + u1 + u2 + · · · + um−n = u
be the Stiefel–Whitney class of the bundle νm−n. H∗(RP(νm−n);Z2) is a free H∗(Fn;Z2)
module (via π∗) on 1, c, . . . , cm−n−1 with a relation cm−n +u1cm−n−1 +u2cm−n−2 +· · ·+
um−n = 0. Let
w
(
Fn
)= 1 + w1 + w2 + · · · + wn ∈ H∗(Fn;Z2)
be the Stiefel–Whitney class of Fn. Then the Stiefel–Whitney class of RP(νm−n) is
w
(
RP
(
νm−n
))= (1 + w1 + w2 + · · · + wn)
× {(1 + c)m−n + u1(1 + c)m−n−1
+ u2(1 + c)m−n−2 + · · · + um−n
}
.
Finally, for z ∈ Hn−r (Fn;Z2), Conner [3, Lemma 3.1] gives
zcm−n−1+r
[
RP
(
νm−n
)]= zu¯r[Fn],
where u¯ = 1
u
= 1 + u¯1 + · · · + u¯n is the dual Stiefel–Whitney class of νm−n, w¯(νm−n).
For a bundle νm−j over RP j , one has H∗(RP j ;Z2) = Z2[α]/(αj+1 = 0) and
w(νm−j ) = (1 + α)q as discussed above. w(RP j ) = (1 + α)j+1, so
w
(
RP
(
νm−j
))= (1 + α)j+1
{
(1 + c)m−j +
(
q
1
)
α(1 + c)m−j−1
+
(
q
2
)
α2(1 + c)m−j−2 + · · · +
(
q
r
)
αr(1 + c)m−j−r + · · ·
}
.
= (1 + α)j+1(1 + c + α)q(1 + c)m−j−q .
If p(c, α) is a polynomial in c and α of degree m − 1, Conner’s formula [3, Lemma 3.1]
gives
p(c,α)
[
RP
(
νm−j
)]= p(1, α)
(1 + α)q
[
RP j
]
,
which is the coefficient of αj in p(1,α)q .(1+α)
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w[r] = w(RP(ν))
(1 + c)m−n−r ,
for which w[r]i is a polynomial in wh(RP(ν)) and c. Then for Fn,
w[r] = (1 + w1 + w2 + · · · + wn)
{
(1 + c)r + u1(1 + c)r−1 + u2(1 + c)r−2 + · · ·
}
,
which gives:
w[r]2r = wrcr + terms with lower powers of c,
w[r]2r+1 = (wr+1 + ur+1)cr + terms with lower powers of c.
For a class x ∈ H∗(RP(ν)) of the form x = xicr + terms with lower powers of c, with xi
in Hi (F), we say the dimension of x on Fn is i. We note that if the dimension of x on Fn is
greater than n, then x = 0 on RP(νm−n).
On RP j ,
w[r] = (1 + α)j+1(1 + c + α)q(1 + c)n+r−j−q
so w[0] = (1 + α)j+1(1 + c + α)q(1 + c)n−j−q and w[1] = (1 + α)j+1(1 + c + α)q(1 +
c)n+1−j−q . Considering n ≡ q ≡ j , (j even, q odd), we will make use of the following:
w[0]1 = (j + 1)α + qα + (n − j)c
= c
w[1]2 =
{(
q
2
)
+ (j + 1)q +
(
j + 1
2
)}
α2
+ {q(n − j) + (j + 1)(n − j + 1)}αc +
(
n − j + 1
2
)
c2
=
{(
q
2
)
+ 1 +
(
j + 1
2
)}
α2 + αc +
(
n − j + 1
2
)
c2.
w[1]3 =
{(
q
3
)
+ (j + 1)
(
q
2
)
+
(
j + 1
2
)
q +
(
j + 1
3
)}
α3
+
{(
q
2
)
(n − j − 1) + (j + 1)q(n − j) +
(
j + 1
2
)
(n − j + 1)
}
α2c
+
{
q
(
n − j
2
)
+ (j + 1)
(
n − j + 1
2
)}
αc2 +
(
n − j + 1
3
)
c3
= α2c + αc2.
We can see that the class w[1]2 depends on the relationship between q and j modulo 4.
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First, suppose that 1
(1+α)q = 1 + · · · + αj . The class w[0]n+11 cm−1−(n+1), will pro-
vide us with a quick bound. The dimension of w[0]n+11 on Fn is n + 1 > n, so the class
w[0]n+11 cm−1−(n+1) is zero on RP(νm−n), hence
w[0]n+11 cm−1−(n+1)
[
RP
(
νm−n
)]≡ 0.
On RP j , the class of interest is w[0]n+11 cm−1−(n+1) = cn+1cm−1−(n+1) = cm−1, and
we are interested in the coefficient of αj in 1
(1+α)q = 1 + · · · + αj . Thus,
w[0]n+11 cm−1−(n+1)
[
RP
(
νm−j
)] ≡ 0.
We have a contradiction and conclude that for n ≡ q ≡ j and 1
(1+α)q = 1 + · · · + αj ,
m n + 1.
We have an example here which shows the bound is best possible. Let ξ be an n+ 1− j
plane bundle with w(ξ) = (1+α)q . Then RP(ξ ⊕1) with the involution induced by −1 in
the fibers of 1 is an involution of the desired type with m = n + 1. If any involution exists,
one must have m n + 1, and νm−j is such a bundle ξ .
Thus, we have shown the following proposition is true.
Proposition 1. If n ≡ q ≡ j and 1
(1+α)q = 1 + · · · + αj , then
m n + 1,
and this bound is best possible.
Now we suppose that 1
(1+α)q = 1 + · · · + αp , for p < j . We need to determine the form
of 1
(1+α)q .
1
(1 + α)q =
∞∑
l=0
(
q − 1 + l
q − 1
)
αl.
By definition of p, the coefficient of αp = (q−1+p
q−1
)
is nonzero and the coefficient of
αp+1 = (q−1+(p+1)
q−1
)
is zero. q is odd, so if p is even, then
(
q−1+p
q−1
) ≡ 0 implies that(
q−1+(p+1)
q−1
) ≡ 0, since both q − 1 + p and q − 1 are even. Thus, we can conclude that
p is odd. Now, since p and q are odd, q − 1 + p − 1 and q − 1 are both even, and the
coefficient of αp−1 = (q−1+p−1
q−1
)≡ (q−1+p
q−1
) ≡ 0. Thus, we know that
1
(1 + α)q = 1 + · · · + α
p−1 + αp.
We need an additional αj−p+1, so that when multiplied by 1
(1+α)q , we have α
j−p+1 +
· · · + αj + αj+1 = αj−p+1 + · · · + αj . We could, of course, obtain a nonzero αj term by
multiplying 1
(1+α)q by α
j−p
, but we will find it advantageous for the exponent to be even.
Since j is even and p is odd, we use j − p + 1. We now consider the relationship between
q and j modulo 4.
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If we assume that q ≡ j − 1 (modulo 4), then w[1]2 = αc +
(
n−j+1
2
)
c2. We form the
following classes
w[1]2 = w[1]2 +
(
n − j + 1
2
)
w[0]21
= αc +
(
n − j + 1
2
)
c2 +
(
n − j + 1
2
)
c2
= αc,
w[1]3 = w[1]3 + w[0]1w[1]2 +
(
n − j + 1
2
)
w[0]31
= α2c + αc2 + c
{
αc +
(
n − j + 1
2
)
c2
}
+
(
n − j + 1
2
)
c3
= α2c.
So, we can obtain the αj−p+1 on RP j by using w[1]
j−p+1
2
3 .
We have found a class which we can make nonzero on RP(νm−j ), so we desire a zero
class on RP(νm−n). We can achieve this by using the following class, if n j − p.
w[1]
j−p+1
2
3 w[0]n+1−(j−p+1)1 cm−1−(
3(j−p+1)
2 +n+1−(j−p+1))
= w[1]
j−p+1
2
3 w[0]n+1−(j−p+1)1 cm−1−(
j−p+1
2 +n+1).
The dimension of this class on Fn is 2( j−p+12 ) + n + 1 − (j − p + 1) = n + 1 > n. Thus,
the class is zero on RP(νm−n),
w[1]
j−p+1
2
3 w[0]n+1−(j−p+1)1 cm−1−(
j−p+1
2 +n+1)[RP (νm−n)]= 0.
On RP j , the desired class is
(
α2c
) j−p+1
2 cn+1−(j−p+1)cm−1−(
j−p+1
2 +n+1) = (α2c) j−p+12 cm−1−( 3(j−p+1)2 )
= αj−p+1cm−1−(j−p+1),
and, we are interested in the coefficient of αj in
αj−p+1
(1 + α)q = α
j−p+1 1
(1 + α)q
= αj−p+1(1 + · · · + αp−1 + αp)
= αj−p+1 + · · · + αj + αj+1
= αj−p+1 + · · · + αj .
Thus,
w[1]
j−p+1
2 w[0]n+1−(j−p+1)cm−1−( j−p+12 +n+1)[RP (νm−j )] ≡ 0.3 1
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m j − p + 1
2
+ n + 1
 j + 1
2
+ n + 1.
And, since j is even and m is an integer,
m j
2
+ n + 1.
Note that for j = p, we have the bound m 12 + n + 1, and since m is integral, this says
that m n + 1. This agrees with the bound that we gave previously.
Now suppose that n < j − p. We construct the class
w[1]
j−p−1
2
3 w[1]2cm−1−(
3(j−p−1)
2 +2) = w[1]
j−p+1
2
3 w[1]2cm−1−(
3
2 (j−p)+ 12 ).
The dimension of this class on Fn is 2( j−p−12 )+ 1 = j −p > n. Thus, the class is zero on
RP(νm−n), and hence
w[1]
j−p+1
2
3 w[1]2cm−1−(
3
2 (j−p)+ 12 )[RP (νm−n)]= 0.
On RP j , the desired class is
(
α2c
) j−p−1
2 αccm−1−(
3
2 (j−p)+ 12 ) = αj−pcm−1−(j−p),
and, we are interested in the coefficient of αj in
αj−p
(1 + α)q = α
j−p 1
(1 + α)q
= αj−p(1 + · · · + αp−1 + αp)
= αj−p + · · · + αj−1 + αj .
Thus,
w[1]
j−p+1
2
3 w[1]2cm−1−(
3
2 (j−p)+ 12 )[RP (νm−j )] ≡ 0.
We again have the desired contradiction and conclude that if n < j − p
m 3
2
(j − p) + 1
2
 3
2
j + 1
2
.
And, since j is even and m is an integer,
m 3
2
j.
Thus, we can summarize our work with the following proposition.
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m j − p + 1
2
+ n + 1
 j
2
+ n + 1,
and for n < j − p
m 3
2
(j − p) + 1
2
 3
2
j,
where 1
(1+α)q = 1 + · · · + αp , for p  j .
3.2. q ≡ j + 1 (modulo 4)
w[1]2 = α2 + αc +
(
n − j + 1
2
)
c2.
We again create the class
w[1]2 = w[1]2 +
(
n − j + 1
2
)
w[0]21
= α2 + αc +
(
n − j + 1
2
)
c2 +
(
n − j + 1
2
)
c2
= α(α + c).
This class will allow us to find an αj term and we can achieve the necessary dimension on
Fn by using powers of w[0]1.
Let s be the smallest value such that the coefficient of αj in (α(1+α))
s
(1+α)q is nonzero. (We
know s  j and could just use j here.) Assuming that n + 1 s, examine the class
w[1]s2w[0]n+1−s1 cm−1−(2s+n+1−s)
= w[1]s2w[0]n+1−s1 cm−1−(n+1+s).
The dimension of w[1]s2w[0]n+1−s1 on Fn is s + n + 1 − s = n + 1 > n. So, the class
w[1]s2w[0]n+1−s1 cm−1−(n+1+s) is zero on RP(νm−n), hence
w[1]s2w[0]n+1−s1 cm−1−(n+1+s)
[
RP
(
νm−n
)]= 0.
On RP j , the desired class is
w[1]s2w[0]n+1−s1 cm−1−(n+1+s) =
(
α(1 + α))scm−1.
Thus, we are interested in the coefficient of αj in (α(1+α))
s
(1+α)q , which is nonzero by the choice
of s. So,
w[1]sw[0]n+1−scm−1−(n+1+s)[RP (νm−j )] ≡ 0.2 1
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m n + 1 + s
 n + 1 + j.
Note s = 0 occurs when 1
(1+α)q = 1 + · · · + αj , and the bound is m n + 1, as before.
Now suppose that n + 1 < s, and examine the class
w[1]s2cm−1−2s .
The dimension of w[1]s2 on Fn is s > n. So, the class w[1]s2cm−1−2s is zero on RP(νm−n),
hence
w[1]s2cm−1−2s
[
RP
(
νm−n
)]= 0.
On RP j , the desired class is
w[1]s2cm−1−2s =
(
α(1 + α))scm−1−2s .
Thus, we are interested in the coefficient of αj in (α(1+α))
s
(1+α)q , which is nonzero by the choice
of s. So,
w[1]s2cm−1−2s
[
RP
(
νm−j
)] ≡ 0.
We reach the desired contradiction and conclude that for n + 1 < s,
m 2s
 2j.
Proposition 3. If n ≡ q ≡ j and q ≡ j + 1 (modulo 4), then for n + 1 s
m n + 1 + s
 n + 1 + j,
and for n + 1 < s
m 2s
 2j,
where s is the smallest integer such that the coefficient of αj in (α(1+α))s
(1+α)q is nonzero.
We have examples to show that this bound is best possible when q = j + 1 (for which
s = j ). If n + 1  j , then we use the involution (RP j × RP j , twist) which has fixed set
∅n ∪RP j , and the tangent bundle of RP j has q = j + 1. Here m = 2j  n+ 1 + j , hence
m = n + 1 + j . If n + 1 > j and To is the linear involution on RPn+1−j fixing point ∪
RPn−j , then the involution (RP j × RP j × RPn+1−j , twist × To) has fixed set RP j ×
RPn−j ∪ RP j and the tangent bundle of the latter RP j has q = j + 1. This example has
m = n + 1 + j .
226 S.M. Kelton / Topology and its Applications 149 (2005) 217–226References
[1] J.M. Boardman, On manifolds with involution, Bull. Amer. Math. Soc. 73 (1967) 136–138.
[2] J.M. Boardman, Cobordism of involutions revisited, in: Proc. Second Conference on Compact Transformation
Groups, in: Springer Lecture Notes, vol. 298, Springer, Berlin, 1972.
[3] P.E. Conner, The bordism class of a bundle space, Michigan Math. J. 14 (1967) 289–303.
[4] P.E. Conner, E.E. Floyd, Differentiable Periodic Maps, Springer, Berlin, 1964.
[5] Suzanne M. Kelton, Involutions fixing RPj ∪ Fn , Topology Appl. 142 (2004) 197–203.
[6] Pedro L.Q. Pergher, R.E. Stong, Involutions fixing (point) ∪ Fn , Transform. Groups 6 (2001) 79–86.
